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Linear Regression Applied to System Identification for
Adaptive Control Systems
RICHARD E. KOPP* AND RICHARD J.

Grumman Aircraft Engineering Corporation, Bethpage, N. Y.

The purpose of this paper is to describe a method of process identification using a linear re-
gression technique and to indicate how this method may be applied to adaptive control sys-
tems. The unknown system parameters are considered as additional state variables. Esti-
mates of system parameters as well as the system state are made from noise-contaminated
data. Differential equations with random forcing functions describing the parameter vari-
ations are adjoined to the system of differential equations describing the process. The esti-
mation of the error is assumed to propagate linearly about the current estimates, which are
updated as new data are received.

Introduction

THE adaptive control problem has received considerable
attention over the past several years. Basically, this is

the problem of controlling a process (in this paper the process
will be an aerospace vehicle) where imperfect or limited
information is available describing the vehicle parameters that
change considerably during the interval in which control is
required.

This paper describes a statistical method for estimating
space vehicle parameters as well as vehicle orientation from
noise-contaminated data. Furthermore, it will be shown how
this method might be applied to an adaptive control system.
A second-order linear system, representative of an attitude
rate control system for a space vehicle, will be used to illus-
trate the method. However, this method is not theoretically
limited to second-order systems or even linear systems. The
use of a linear regression technique applied to process identifi-
cation was motivated by some of the recent results obtained
by Kalman1 in linear filtering. This technique appears very
attractive, since no extraneous system inputs are needed.
A further advantage of this method is that it is not limited
to steady-state analysis as are many previously suggested
schemes. A second-order system with unknown time-varying
parameters is used to characterize the vehicle's attitude
response. (The unknown parameters in this case would be
the system damping, frequency, and gain.) The system
parameters are considered as additional state variables, and
differential constraints are adjoined to these variables to
provide correlation between present estimates and past
estimates of system parameters. A priori estimates of the
vehicle parameters, that is, estimates of the behavior of the
system exclusive of measurement data, are included in the
adjoined differential equations describing the vehicle's
parameter behavior. Estimates based on measurement data
and control inputs are made for both vehicle orientation and
vehicle parameters. The statistical degree of freedom is
provided by introducing random variables as forcing functions
in the adjoined equations for the unknown parameters.

The estimation of the vehicle parameters first will be
analyzed as a sampled-data problem, linearizing the system
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behavior between sampling intervals. A linear regression
technique is used to derive a recursive relationship for the
updated estimates of vehicle parameters and orientation as a
function of the last estimates and new measurement data.
This approach avoids the need for large computer storage
and leads directly to a filtering concept. As the sampling
interval approaches zero in the limit, the recursive relation-
ships reduce to differential equations describing time-varying
nonlinear filters for the estimators of the vehicle parameters
and orientation.

The basic concepts associated with this method are quite
simple; the estimation of the error is assumed to propagate
by a linearization of a nonlinear system (the system becomes
nonlinear when one adjoins the differential equations describ-
ing the unknown parameter variations) about the current
estimate of the system variables. Using these linear equa-
tions allows the estimates to be updated with new data as
in Ref. 1.

The experimental results that are included in this paper
are regarded as encouraging since they are quite insensitive
to the assumptions made, a characteristic very desirable for
engineering applications.

§
Problem Formulation

To illustrate how a linear regression technique can be ap-
plied to system identification for use in adaptive systems, a
specific example representative of an attitude rate control
system for a space vehicle will be used. It will be assumed,
as is seen in Fig. 1, that the vehicle dynamics can be repre-
sented by a second-order linear system with parameters 5, co«,
and k, which are not precisely known and which vary con-
siderably during the interval of time when control is to be
exerted. The transfer function notation, although not
applicable to time-varying systems, is used in Fig. 1 merely
to illustrate the problem being considered.

A realistic approach to the problem is made by assuming
that the measured pitch rate z(f), which will be designated as
data, is the actual pitch rate 6(t) contaminated with measure-
ment noise v(t). Furthermore, it is assumed that the actual
control signal u(f) is the desired control signal u*(t) plus
additive noise 8u(t). Since the identification problem is of
primary concern, that is, estimating the parameters 5(t),
co»(0, and k(t), as well as 6(t) and 0(2), from the measured
data z(t), consideration of the control or "actuation problem"
can be deferred until later. It is tacitly assumed that the
two problems are separable, as discussed in Refs. 2 and 3.

Although the proposed method is not limited to linear sys-
tems, one can proceed to develop the method using the linear
example being discussed. It is convenient to define the
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variable xi E= dO/dt. The system of differential equations
describing the motion of the vehicle about the pitch axis is
then written as

dxi/dt =

where the unknown time- varying coefficients e&i(0,
az(t) are defined as

(1)

and

= k(t)
Initial conditions for Eq. (1) are drawn from a set of normally
distributed random variables of known statistical properties.
It is assumed that estimates of «»•(£), i = 1 ... 3, are equally
as good as estimates of 8(f), o>n(£), and k(t) for the determina-
tion of the desired control signal u*(t).

Measured data z(t) are the sum of the pitch rate xi(t) and
additive noise:

v(t) (2)
The noise v(t) is assumed to be a normally distributed random
variable with known statistical properties:

E[v(t)] = 0
(3)

where d(t — T) is the Dirac delta, and a-v
z(f) is given. The

case where the control signal u(t) is the sum of a desired con-
trol signal u*(t) and additive noise is considered:

u(t) = u*(f) + 5u(t) (4)

The additive noise 5u(i) is assumed to be a normally dis-
tributed random variable modulated by a function of the
desired control signal:

8u(t) = S[u*(t)]w0(t)
where the statistical properties of wQ(t) are given:

E[wQ(t)] = 0

E[wQ(t)wQ(r)] = vwoz8(t - r)

(5)

(6)

Certain assumptions and approximations now will be made
which we feel are reasonable, but which we will not attempt
to justify. Some a priori knowledge of the expected values
of a,i(t) may be available which we would like to include in the
analysis. These estimates, if they are available, are defined
as &i(t). It also is assumed that the coefficients at(t) vary
continuously in a random manner. With this in mind, the
set of differential equations is adj oined :

dajdt = ai(i)[a,i(£) - at(t)] + Wi(t) i = 1 . . . 3 (7)
to Eqs. (1). The differential constraints insure continuity,

Noise S(u )w1(t) Noise v(t)
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Fig. 1 Attitude rate control system.

whereas the normally distributed random functions of time
Wi(t) provide the needed statistical degree of freedom.
Initial conditions for Eqs. (7) are drawn from a set of nor-
mally distributed random variables. The parameters a.i(t}
are assumed given, as are the statistical properties of wt(t) :

E[Wi(t}wi(r}}
E[wi(t}} = 0

i*8(t - r) i = 1. . . 3
(8)

One might refer to the set of Eqs. (7) as a statistical model
of the vehicle parameters, but it is not the only model that
could be chosen.

Sampled Data Analysis

For the sampled data analysis, time will be assumed to be
divided into discrete intervals of length A£. It further will
be assumed that the control is constant over any one interval
of time changing in a step wise manner between intervals.
Data are sampled at the end of each interval. For con-
venience, one can designate a variable at time nAt by x(ri).
One also will need notation to designate the estimate of a
variable at time nAt, given all past data and desired control
inputs to time kAt,n > k. This will be denoted as
x(n\k) = estimate of x(n) given

[z(l), . . . , z(K),u*(l), . . . , t**(A»]
These will be the fundamental quantities, with k = n — I or
n; however, one also will need estimates between sampling
instants which can be designated a,sx(t\ri):
x(t\ri) = estimate of x(t) given

Kl), ...,*(*),**(!), . . . , t ** (n ) ]
t >

and similarly for a»(£). Then one can define an error, e.g.,

dx(t\ri) = x(t) - x(t\ri) t > nAt (9)
and again similarly for 8a,i(t).

One can estimate between sampling intervals by means of

dxi(t\n) = i ,
dt

dxz(t\n)
dT~ = di(t\n)x2(t\n) + dz(t\ri)£i(t\ri)

(10)

Substituting Eq. (9), etc., into Eqs. (1) and (7) and subtract-
ing Eqs. (10), neglecting terms of second order, one has, using
a vector matrix notation,

=£(«|n)8y(*|n)+0(0 (11)

where the vectors

Sy^ln) = [8xi(t\n) 8x2(t\n)

and

|w) 8a2(t\ri) 8az(t\ri)]

and the matrix

£(t\n) =

The superscript T denotes the transpose. The £(t\ n) matrix
is seen to be composed of the estimates of parameters «;(£), as

- o
dz(t\n)

0
0

_ 0

1
fk(t\n}

0
0
0

0
Xz(t\ri)

<*1®
0
0

0
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Fig. 2 Adaptive system using a linear regression method
for the estimator.

well as estimates of the vehicle state Xi(t) and x*(t) at time
t, given data to time nAt. Equation (11) describes the
propagation of the errors between sampling intervals. At
time nAt, one can assume that the error 5y(n| ri) is distributed
multinormally with given characteristics

- 0

P(n\n)
(12)

This is certainly true initially by assumption.
For convenience, let a vector for the estimates of the state

and parameters be defined as

y(n\ri) = [xi(n\ri) x2(n\ri) Qi(n\ri) a^(n\n) a^(n\n)]
One now has a concise formulation of the problem. We wish
to estimate §y(n + 1) conditioned on data at (n + 1) A£, given
that 5y(n|n) is zero with known variance. The estimate of
y(n + 1) is given by

y(n -f = y(n ln (13)

Fig. 3 Estimation of damping coefficient ai(t), natural
frequency a2(0> and gain a3(0 for a random input [tti(0 =

~i, «2(0 = -i, «3(0 = i, ^(o) = o, 4(0) = o, a3(o) = 0].

We will now proceed to discuss how one calculates 5y(n +
11 ri), fy(n + 11 n + 1) and the variance of §y(n + l\n+ 1),
which determines the initial conditions for the next interval
of time.

One can assume that the vector Q(£) is constant in the
interval nkt < T < (n + 1)A£ with components selected
from a multinormal distribution of known statistical proper-
ties:

E[&n] = 0 E[QnQkT] = Qndnk (14)

where dnk is the Kronecker delta. The definitions of a
sampled random function of the type defined in Eq. (8) must
be examined (see Feller,4 p. 324). Specifically, in order to
maintain consistent behavior for the output of a linear system
(see Kalman1), where, for the continuous function,

= Q(t)8(t - r)
then,

lim QnAt = Q(t)

(15)

(16)

For the specific example,
0

0
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By use of the transition matrix,5 the solution of Eq. (11) is

written:

§y(n + 1) = $(n + l,w)5y(n) + T(n + l,n)O(n) (17)
To obtain $(n + l,n), T(n + l,ri) in Eq. (17), one first must
solve Eqs. (10), from which one also obtains y(n + l\n).
An estimate of 5y(n + 1), given data to (n + 1)A£, is made
by linear regression, i.e.,

5y(n + l|n + 1) = V(n + l)2(n + 1) (18)

Fig. 4 Estimation of damping coefficient di(t)9 natural
frequency a2(0> and gain a3(0 for a step input [ai(0 = —1,

1, ^i(O) = 0, 4(0) = 0, a3(0) = 0].
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where z(n + 1) are new data, denned as the difference be-
tween the actual data received and the estimate of the data
conditioned on the previous sampling instant:

z(n + 1) = z(n + 1) - z(n + 1 ri) =
xi(n + 1) + v(n +1)- M l\n)

= 5x(n+ l\ri) +v(n + 1)
(19)

To write Eq. (19) in terms of the y vector and preserve dimen-
sionality, the row vector is introduced:

M E= [1 0 0 0 0]
then

z(n + 1) = z(n + 1) - My(n + l\ri) (20a)
= Mdy(n + l\ri) + v(n + 1) (20b)

The column vector ty(n + 1) is determined by minimizing

Fig. 5 Estimation of damping coefficient ai(£), natural
frequency a2(0> and gain a3(0 with initial estimates of
opposite sign [ai(0 = —1, a2(0 = 1, a3(0 = 1, #i(0) = 1,

•4(0) = l,d»(0) = -1].

the diagonal elements of the covariance matrix P(n + 1|
n + 1) of the error dy(n + 1 1 n + 1) :

P(n
o*,(n

where

P(n+l\n) =

and

(21)

(22)

P(n + l\n + 1) = [/ - V(n + l)M]P(n + l|n) (23)

At n = 0, which is the start of the process, initial values
of y(0) and P(0|0) are given. That is, for the specific ex-
ample, initial estimates of #i(0), z2(0), and o,-(0) are given,
along with the variances of their respective errors. From
Eqs. (21-23), P(l|0), P(l|l), and ^(1) are calculated.
When data are received at the first sampling interval, 5xi(l \ 1),

Fig. 6 Estimation of a time-varying damping coefficient
ai(0 [ai(0 is time varying, a2(t) = —1, as(t) = 1].

&£2(l| 1), and 5at-(l| 1) are calculated from Eq. (18), and the
estimates of the respective variables are determined from Eq.
(13). These values form initial conditions for the next
interval, and the calculation proceeds. The important
relationships are summarized as

P(n +
F(n + l,n)Q(n)TT(n

= P(n + l[ri)MT[MP(n + l\ri)MT

y(n + 11 n)
dy(n + 11 n

[obtained from Eqs. (10)] (24)

5y(n + 1 | n + 1)

l)M]P(n

y(n + 1 n + 1) = y(n + 1 | n)

P(n + l\n + ! ) = [ / - *(n +

Continuous Analysis

To analyze the continuous case, that is, where one receives
data continuously, one allows the sampling interval A£ to
approach zero in the limit. A state vector x(t) is defined as

*>•(*) 33 MDxtit)}
and the estimate of x at (n + 1)A£, given data to nAt in
terms of the transition matrix for the vehicle $x(n + l,n), is
written as

±(n + 1 n) = $*(w + l,n)i(n n) +
+ l,n)w* (25)

The estimate of x at (n + 1)A£, given data to (n + 1)A£, is
therefore

±(n + l\n + 1) = Qx(n + l,ri)±(n\ri) +

Subtracting ±(n\n) from each side of Eq. (26), dividing by
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tj and passing to the limit gives

at

where

1- it
(27)

Here it is understood that x(t) designates the estimates of
x(£), given data to t, and likewise for A(t) and B(t). Simi-
larly, a vector £(£) is defined as

(28)

and the following is obtained :

where

t ai(i)
oo 0

Carrying through this limiting process, one sees that the
P(n + l\ri) and P(n + 1 n + 1) matrices become the same
and will be designated by P(t). Equations (27) and (28)
for the updated estimates reduce to
6±(t)/dt = A(t)±(f) + B(t)u*(£) + Pi(t)M^ffv-z(()s(£)

(29)

where Pi(t) and Pz(t) are partitions of P(t):

Fig. 7 Estimation of a time-varying damping coefficient
di(0 and a time-varying gain as(t) [ai(0 is time varying,

az(t) = — 1, as(0 is time varying].

P'fl>! 1

piwl J
Again MI and M2 are introduced to preserve dimensionality :

Mi = [1 0] M2 = [1 0 0]

The covariance matrix P(t) obeys the matrix equation

P(t) = £(t)P(t) + P(t)£T(t) -
Q(t) (30)

Determination of Control Signal

A discussion of how the desired control signal u*(t) is to
be generated has been avoided deliberately until now, be-
cause the primary purpose of this paper is to develop a
method for measuring (estimating) the vehicle system param-
eters. However, if this technique is to be applied to adaptive
control systems, some discussion is in order. As was pointed
out earlier, the separation of the estimation of system param-
eters and control signal generation is justifiably open to
criticism. It would be desirable to formulate the problem
such that u*(t) is determined directly by minimizing the
conditional expectation of a system performance measure,
such as an integral square criterion. However, upon analysis
one soon becomes discouraged with this approach. There-
fore, a compromise between what one desires and what one
can obtain seems in order. The separation of system param-
eter estimation and control signal generation certainly has
intuitive appeal and motivation. It has been shown2 for
linear systems with known parameters that, for an integral
square criterion, the filtering of data can be analyzed sepa-
rately from the control signal generation, the control law
being the same as for the deterministic case with the state
variables being replaced with their conditional expectations.
With these thoughts in mind, one can proceed to develop a
very simple (actually an open-loop) control law to obtain a
desired dynamic behavior of the process. Additional feed-
back would no doubt be required in many applications that
would depend on the specific system requirements.

Let it be assumed that u*(t) is a linear combination of the
command attitude rate 6c = xc, Xi(t), and Xi(t), i.e.,

u*(t) = (31)

It is specified further that the overall system is to respond
like a specified model that is described by the differential
equations

x

Under these conditions and assumptions,

0,1 - of

(32)

(33)

A typical block diagram of the complete system is shown in
Fig. 2.

Simulation

The system discussed was simulated using a combined
analog-digital hybrid computing system. This provided
what was felt to be a realistic simulation of the problem.
The process to be controlled as well as the desired response
were simulated on an analog computer, and Eqs. (29) and
(30) for the state and parameter estimaters were solved
simultaneously on a digital computer using the most ele-
mentary integration techniques. The sampling interval
was of the order of seven msec. Although the data were
sampled, a continuous analysis was used because of the small
sampling interval compared to the dynamics of the system.
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Fig. 8 Control system with desired response 0.7 critical
damping, initial estimates of all parameters zero [ai*(t) =
-1.4,02*0) = -l,a«*(0 = l,ai«) = -1.4,02(0 = -1, ag(0

= 1, ^(0) = 0, 4(0) = 0, <23(0) = 0].

Fig. 9 Control system with desired response 0.35 critical
damping, initial estimates of all parameters zero [ai*(0 =
-0.7, oj*(0 = -1, OB*(0 = 1, ai(0 = -1.4, a,(0 = -1, Os(0

= 1, ^(0) = 0, 4(0) = 0, 4(0) = OJ.

The control signal u*(t) also was calculated on the digital
computer using Eqs. (31) and (33) .

Before simulating the entire control system, many open-
loop time histories were run off to illustrate process identifica-
tion for varied conditions. For all conditions, the variance
era2 of the additive noise to the data was assumed to be 25.
(The equations have been nondimensionalized.) Perfect
information was assumed to be available for the control in-
put u*(£) and, therefore, aW(? = 0.

The values of a,i(t), a2(£)> and a$(t) were assumed zero,
as were o?i, a2, and az [no a priori information available as
to how the parameters ai(0> az(t)j and a^(t) might vary],

Fig. 10 Control system with desired response 0.7 critical
damping, a%(f) time varying, random input [ai*(t) = —1.4,
fl2*(0 = -1, a3* = 1, ai(t) = -1, a2(0 = -1, a3(0 is time

varying].

The variances crwi
2, cr«,22, and awz

2 were all given values of
0.1. Initial estimates of the diagonal elements of the co-
variance matrix P were all equal to 25 and the off-diagonal
initial estimates 0. This, it is felt, might be a representative
situation, with the possible exception of letting <rwl = 0. This
condition was brought about by the immediate lack of enough
random function generators as well as a consideration of not
investigating the effect of too many conditions at one time.

In Fig. 3 time histories are shown for the condition where
«i(0j az(i), and as(t) are constants with respective values
of —1, —1, and +1. The initial estimates of di(t), &%(£),
and dz(t) are zero. The input u*(t) to the process is generated
by a random noise generator with a bandwidth of approxi-
mately 2 cps. The noisy data z(t) are recorded in channel
1, from which estimates of di(t), a<t(t), az(t), x(t), and dx(t)/dt
are made. The estimates x(t), di(t), d^f), and d3(0 are re-
corded in channels 3, 4, and 5, respectively, and the error in
the estimate of x(t) is recorded in channel 6. It is observed
that a good estimate of all parameters is made in less than
one period of the natural frequency of the system. A similar
situation is shown in Fig. 4 for a step input. Figure 5 illus-
trates an extreme condition when the initial estimates are
completely reversed from their actual values. In Fig. 6 is
shown the condition when ax(0 varies linearly with time.
The broken line is the actual value of a\(f). Initial estimates
of a%(t) and a^(t) are correct, whereas the initial estimate of
ai(t) is zero. It should be observed that, although the process
goes from a stable condition to an unstable condition, param-
eter identification continues without difficulty. A similar
situation is shown in Fig. 7, where both ai(t) and a^(t) vary
linearly with time, illustrating that the method is capable of
recognizing the phenomenon of control reversal.

The remaining runs were made with simulation of the en-
tire control system. The desired response was taken, unless
otherwise specified, as that of a system with 0.7 critical damp-
ing. For this condition, the parameters a,i*(t), o2*(£), and
fls*(£) which generate the desired response are —1.4, —1,
and +1, respectively. A step input to the control system
was used in most cases because one can quickly evaluate the
systems response. Figure 8 illustrates the condition when
«i(0; «2(0> and a3(£) are constants with the desired values
of —1.4, —1, and +1, with initial estimates of the param-
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eters all zero. The desired response x*(t) is recorded in
channel 1, and the output x(t) with additive noise which col-
lectively represents the data z(t) is recorded in channel 2.
The estimates <$i(Z), d2(Z)> and d3(Z) are recorded in channels
3, 4, and 5. The estimation of di(t) takes considerably longer
than that of dz(t) and d*(t), because, once the steady-state re-
sponse to the step input (square wave input) is reached, no
further information about the relative damping can be ob-
tained. In Fig. 9 the desired response has been changed to
0.35 critical damping [a,i*(t) = 0.7, a2*(0 = -1, Os*(0 =
+ 1] with cti(t), 0,2(1), and o*(t) equal to —1.4, — 1, and +.1.
Initial estimates ai(t), a2(t), and 03(0 are all zero. Figure 10
shows the condition when az(t) varies linearly with time, with
all initial estimates zero and a random input. It should be
noted that the system can recognize the cope with control
reversal.

The particular runs shown here represent only a few of the
many runs made and were chosen to be representative of
different conditions under which such a system might operate.
A first-order system, with variable time constant and gain
that was actually studied prior to the second-order system
illustrated throughout this paper, was also simulated, with
equally good results.

Conclusions
The primary purpose of this paper was to develop a sta-

tistical means of identifying the parameters of a linear sys-
tem from noisy data and to show how the method might be
applied to an adaptive control system. Although many
approximations and assumptions were made, excellent re-
sults have been demonstrated by experiment.

If additional measurement data are available (x* in example
discussed), M and ̂  become rectangular matrices, v becomes
a column vector, and the variance cr»2 becomes a covariance
matrix. The vector matrix equations remain the same.

The reader might feel that this particular demonstration
is indeed trivial compared to a more general formulation that

has been postulated. Certainly this is a valid concern, to
which the following comment is offered. Observe that Eq.
(1) is a nonlinear equation in the variables xi, x% % a2, and
as. One seeks to estimate these variables given data z,
albeit postulating certain not unreasonable behavior of the
elements «i, «2, and a3. From this point of view, the reader
is referred to the works of Battin6 and others7 which suc-
cessfully use a similar technique of sequential linear regression
to estimate the state of a six-dimensional nonlinear system
(space vehicle trajectory determination). Actually, it was
that application of Kalman's techniques which led the au-
thors to consider the identification problem from the point
of view expressed in this paper. The excellent results ob-
tained by Battin et al. would seem to justify the authors'
expectation of successful application of the proposed identi-
fication scheme to higher-order systems.

References
1 Kalman, R. E., "New methods and results in linear predic-

tion and filtering," Symposium on Engineering Applications of
Random Function Theory and Probability, Purdue Univ.
(November 1960); also Rias Rept. 61-1 (1961).

2 Joseph, P. D. and Tou, J. T., "On linear control theory,"
AIEE Summer General Meeting, Ithaca, N. Y. (June 1961).

3 Orford, R. J., "Optimization of stochastic final value con-
trol systems subject to constraints," Ph.D. Dissertation, Poly-
tech. Inst. Brooklyn (June 1962).

4 Feller, W., An Introduction to Probability Theory and Its
Applications (John Wiley and Sons Inc., New York, 1957),
p.324.

5 Coddington, E. A. and Levinson, N., Theory of Ordinary Dif-
ferential Equations (McGraw-Hill Book Co., Inc., New York,
1955), Chap. I.

6 Battin, R. H., "A statistical optimizing navigation pro-
cedure for space flight," ARS Preprint 2297-61 (October 1961).

7 McLean, J. D., Schmidt, S. F., and McGee, L. A., "Opti-
mum filtering and linear prediction applied to a midcourse
navigation system for the circumlunar mission," NASA TN
D-1208 (March 1962).

OCTOBER 1963 AIAA JOURNAL VOL. 1, NO. 10

Rise and Set Time of a Satellite about an Oblate Planet
P. R. ESCOBAL*

Lockheed Aircraft Corporation, Burbank, Calif.

A technique is presented for the determination of the rise and set times of a satellite about
an oblate planet. The solution depends on the ability to determine the rise and set eccentric
anomalies from a single transcendental equation. The solution of the transcendental equa-
tion is facilitated greatly by an approximating technique. The cases of both zero and mini-
mum elevation angles are analyzed. Numerical results with a strictly integrated orbit are
presented for comparison with the closed-form solution.

THE purpose of this paper is to present a Keplerian closed-
form solution to the rise and set time problem. In

effect, this problem usually involves the calculation of the
rise and set universal time of a given satellite from a specific
ground station.

In the past, it has been the custom to solve the problem by
letting the satellite run through its ephemeris and checking
at each instant to see whether the elevation angle h of the
satellite with respect to a ground station was greater than
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some minimum value. However, by attacking the problem
from a different point of view, i.e., with the eccentric anomaly
taken to be the independent variable, it is possible to obtain
a closed-form solution to the satellite visibility problem.
Specifically, the closed-form solution is a single transcendental
equation in the eccentric anomalies corresponding to a rise
and set time for a given orbital pass of a satellite. It is more
difficult to solve the controlling equation than the standard
Keplerian equation. However, the method offers the ad-
vantage that the controlling equation is solved only once
per orbital period, as contrasted with the hundreds of times
the Keplerian equation must be solved by the standard step-
by-step technique.


